We study the time-dependent Schrödinger equation (TDSE) with an effective (position-dependent) mass, relevant in the context of transport phenomena in semiconductors. The most general form-preserving transformation between two TDSEs with different effective masses is derived. A condition guaranteeing the reality of the potential in the transformed TDSE is obtained. To ensure maximal generality, the mass in the TDSE is allowed to depend on time also.
Introduction
Electrons in a crystal (e.g. in a semiconductor) are not completely free, but interact with the potential of the lattice and thus cannot be seen as free particles. The quantum dynamics of such electrons can be modeled by employing a position-dependent (effective) mass, the behaviour of which is determined by the band curvature [1] [2] [3] [4] [5] . Therefore, in order to model such a system, one needs to set up a Hamiltonian with a position-dependent mass. The additional requirement of the Hamiltonian being hermitian leads to a nonconventional form of the Hamiltonian and its corresponding Schrödinger equation; consequently, methods for finding exactly solvable cases of this Schrödinger equation cannot be directly adopted from the conventional case. Recently the stationary Schrödinger equation with effective mass has been subject to thorough investigations, see e.g. [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . However, to the best of our knowledge, the fully time-dependent case (i.e. the potential depends on time) has not been studied thoroughly yet, in fact, it has only been considered in [16] (harmonic oscillator and particular form of effective mass) and [17] (transformations of conventional Hamiltonians with effective mass). Therefore, the aim of this note is to take a powerful solution method for the conventional (with non-effective mass) Schrödinger equation and make it work for time-dependent problems with effective mass. This method is the so-called form-preserving transformation (FPT), where a suitable change of coordinates transforms the time-dependent Schrödinger equation (TDSE), but keeps its general form, such that only the potential is affected by the tansformation. FPTs are well-known in case of a non-effective mass, where they are one of the few major methods to track down exactly-solvable cases. For more information on FPTs for non-effective masses, the reader can consult the summary in [18] and the references in [17] . The remainder of this paper is organized as follows: section 2 is devoted to the derivation of the Hamiltonian for effective masses that we are going to study in this article. Furthermore, a comparison between this Hamiltonian and the one used in our previous paper [17] is made. In section 3 our results are summarized. Section 4 is devoted to the derivation of the most general FPT between TDSEs with effective mass. Section 4 is reserved for the derivation of the reality condition for the transformed potential. This reality condition turns out to be surprisingly simple. If it is fulfilled, the potential in the transformed TDSE is a real function and hence hermitian as a multiplication operator. We conclude this article with a practical example in section 5.
The Hamiltonian with effective mass
We summarize basic facts about a Hamiltonian with effective mass and compare to the Hamiltonian in conventional form.
Hamiltonian and TDSE
When the TDSE with a position-dependent mass first was considered, the conventional Hamiltonian
with m = m(x) had been proposed [1] . However, it can immediately be seen that (1) is in general not hermitian, because the momentum p does not commute with the mass m. Since non-hermitian Hamiltonians can lead to complex energy expectation values and are not probability preserving, they are generally considered unphysical. † . In order to † Of course there are non-hermitian Hamiltonians with real energy expectation values, for example the very recently found pseudo-hermitian Hamiltonians, a famous subclass of which are the PT-symmetric overcome this problem, the very general, hermitian Hamiltonian
was proposed [4] , where α + β + γ + 1 = 0. Several articles [2, 5, [21] [22] [23] [24] [25] [26] [27] were devoted to finding the correct Hamiltonian among special cases of (2) . The most frequently used special case arises from (2) by setting α = γ = 0, β = −1 and reads
which was obtained via path integral evaluation [28] . Therefore in the following we consider the TDSE iΨ t − HΨ = 0 with Hamiltonian H given by (3) only. On substituting the momentum operator p = −i∂ x into (3) we come to the following TDSE:
We evaluate the derivatives and finally arrive at the equation
Many recent articles were devoted to exact solvability of equation (4), but almost always for its stationary case, as mentioned in the introduction. Exact solutions for masses depending on time and positions have only been obtained in [16] . Note that in the latter reference the Hamiltonian (2) with α = −1, β = γ = 0 is used, which is not equivalent to the Hamiltonian (3) that we use here.
Relation between the hermitian and the conventional Hamiltonian
There is a close connection between the conventional (non-hermitian) Hamiltonian (1) and its counterpart (3), namely, a transformation that maps one Hamiltonian onto the other. In order to see this, let us consider the TDSE for the Hamiltonian (3), given by (4). There is a standard method [29] for removing the term ∼ Ψ x which we apply now. On substituting Ψ as
the TDSE (4) changes into
This TDSE has the form of the TDSE for the conventional Hamiltonian (1). It follows that in principle one could equally consider the conventional Hamiltonian or (3), as respective eigenfunctions can be transformed onto each other one by one. In this section, however, we stick to the Hamiltonian (3), such that the results we derive here can be applied immediately.
Hamiltonians. Since discussion of these Hamiltonians is beyond the scope of this article, we refer to the proceedings [19] and to [20] . The proceedings deal with stationary problems only, whereas the article by de Souza Dutra et al. considers a fully time-dependent case.
Comments on the three-dimensional case
As mentioned before, the considerations in this article refer to 1+1 dimensions only. An extension to the physically more interesting three-dimensional case is unfortunately not straightforward. The main reason for this lies in the change of coordinates that has to be performed on the TDSE (this change of coordinates will be described below in 4.1 in detail). If we consider three dimensions (instead of one), the coordinate transformation becomes much more involved and does not maintain the same form as in the present one-dimensional case. However, a study of three-dimensional effective mass TDSEs is in preparation.
Summary of results
In this section we summarize our results on the FPT, the transformed potential and the reality condition.
Setting and the FPT
We consider the TDSE for an effective mass m = m(x, t) and potential V = V (x, t):
The most general form-preserving transformation for this equation is given by the relation
where new coordinates (u, v) and the function f are given by
Here M = M(x, t) is the effective mass in the transformed TDSE, expressed through the old coordinates. For an explicit representation of f see (34).
The transformed TDSE and its potential
Transformation (6) maps (5) onto the TDSE with effective massM(u, v) = M(x, t) and potential −φ 6 (u, v) = −ϕ 6 (x, t):
The transformed potential −ϕ 6 obeys
where f is given in (9) and yet has to be expressed in terms of the coordinates (u, v). For a more explicit representation of the potential see (36).
Reality condition for the transformed potential
If the masses m, M are real-valued and positive (see section 5.1 for physical implications) and u, v are real-valued, then the potential (11) is real-valued, if and only if the condition
is fulfilled, where R = R(t) is defined in (47) and c = c(t) is a free function.
The functions c and v
The functions c and v occurring in the transformed potential are in principle arbitrary. However, in physical applications they can be used for particular tasks. As will be explained below in section 5, the function c occurs only in the imaginary part of the transformed potential and is thus perfect to remove this imaginary part such that the transformed potential becomes real-valued and hence physical. The function v can serve for this purpose as well, but in contrast to c it occurs in other terms of the transformed potential and would influence them. Since v does not depend on the spatial coordinate x, its main purpose is to simplify the notation. In particular, coefficients of terms containing the spatial variable can be simplified by an appropriate choice of v.
Derivation of the form-preserving transformation
We now want to determine the most general form-preserving transformation for equation (4) . To this end, we first represent the solution of the TDSE by a product of the new solution and a transformation function; afterwards we perform a general change of coordinates.
Performing the general transformation and setting up the contraints
In the first step we insert
into the TDSE (4), where f = f (x, t) is a transformation function and ψ = ψ(x, t) is the solution of the transformed equation that reads
Next, in this equation we change the coordinates as
and denote with Φ(u(x, t), v(x, t)) = ψ(x, t) the solution of the equation in new coordinates (u, v). Before, we state this transformed equation, let us summarize our transformation, consisting of (13) and (14):
Now, the transformed equation can be cast in the following form:
where the ϕ j , the solution Φ and all of its derivatives depend on the coordinates. Now, by multiplying equation (16) with a suitable function, the coefficients ϕ j take the following explicit form, expressed through the coordinates x and t:
Since we are looking for a form-preserving transformation, we want the transformed equation (16) to take the form of a TDSE in the new coordinates (u, v). Before setting up constraints on the ϕ j , we define the mass in the transformed TDSE as M(x, t) =M (u, v). This means that the new mass receives a "hat" whenever expressed through the new coordinates. Now, in order to convert equation (16) into a TDSE, the coefficients ϕ j have to fulfill the following set of constraints:
If we can solve these constraints for the arbitrary function f and the coordinates u, v, then equation (16) will be the new, transformed TDSE.
Solution of the constraints and the explicit transformation
We show that conditions (23), (24) and (26) can be fulfilled at once. From (17) and (18) it can be seen immediately that the most general situation in which both ϕ 2 and ϕ 3 vanish, is
In other words, the transformation function v must depend on t only and thus in the following we write v ′ instead of v t . Under the setting (27) the coefficients ϕ 2 and ϕ 3 vanish, as required in (23) and (24); furthermore, we infer from (20) that ϕ 5 = i, which satisfies (26) . Therefore equation (16) reduces to the form
where ϕ 4 keeps its form (19) . Next, we fulfill condition (25) by choosing an appropriate function f in (19) . Before we do so, we express the right hand side of (25) in terms of the old coordinates (x, t) to avoid confusion. The chain rule gives formally
where x u and t u denote the derivatives of the inverse coordinate transformation (14) . Due to (27) we know that t u = 0 and by means of x u = 1/u x we find
This renders condition (25) in the form
Solving for f yields
Condition (25) is hence fulfilled and it remains to satisfy (22) , which will determine the coordinate transformation u = u(x, t):
Note that in contrast to (22) M does not carry a "hat", meaning that we assume M to be expressed through the coordinates x and t. Solving this equation for u gives
It should be stressed that in practice (30) is rather an implicit than an explicit representation of u. This is due to the fact that in applications the mass M would be given in terms of u and not in terms of x (in other words,M would be given instead of M). In such a case (30) is an integral equation for u and cannot be solved explicitly unless more information onM is known, as we see now: let us assume that in (30)M is given instead of M. On taking the derivative with respect to x in (30), we get
If we knowM , then after integration on the left hand side we can solve the latter equation for u, as we will see in the example following below. Let us now calculate the explicit form of the transformation function f (29) by insertion of u as given in (30):
On substituting (30) and the latter setting into (28), we arrive at the transformed TDSE:
where −φ 6 represents the transformed potential, expressed through the new coordinates u and v. The latter potential can be obtained explicitly by inserting (34) into (21) and then replacing x and t by u and v via inversion of the coordinate change (14) . Since the resulting expression would be rather long and involved, we omit to state it here. Instead, we insert f as given in (29) into the potential (21) , which renders the latter in the following form:
Here the first line contains the first two terms of (21), the second line contains the term ∼ f 2 x , the third line contains the term ∼ f x and the remaining lines contain the term ∼ f xx . Thus, we have found the most general form-preserving space-time transformation that maps the original TDSE (4) onto the new TDSE (35). Note that the coordinate function v is still arbitrary. It can be used to adjust the transformed potential to a particular form.
Reality condition for the transformed potential
The potential −ϕ 6 in the transformed TDSE (35) is in general a complex-valued function, as can be seen from its representation (21) and from the function f (34), whose derivatives are contained in (21) . Since introduction of a complex potential in general destroys the hermiticity of the Hamiltonian and since the vast majority of physical interactions is described by real-valued potentials ‡ , we are interested in setting up a condition for our transformed potential −ϕ 6 to take real values only.
Some assumptions and the imaginary part of the transformed potential
In order to be able to extract the imaginary part of (21), we first make the following assumptions:
• The masses m and M are positive and real functions. This setting is most natural for non-effective masses, but in the effective mass case it implies a physical restriction: the curvature in the conduction band of the crystal must be positive. More detailed comments on this fact are beyond the scope of this note, the reader may refer to [3] and references therein.
• The coordinates u and v are real functions. ‡ Complex potentials occur very often in PT-symmetric Hamiltonians, breaking their hermiticity (see note 1 above). The investigation of PT-symmetric Hamiltonians, however, is motivated by their special mathematical properties and not by their applicability in physics.
Clearly, these conditions restrict the class of real potentials −ϕ 6 that can be reached through a form-preserving transformation, because even if the above conditions are not fulfilled, a real transformed potential could emerge. However, the advantage of our assumptions is that we can give the reality condition in an explicit form. From (21) we observe that the imaginary part of −ϕ 6 is determined completely by the imaginary part of V and the transformation function f , whose representation (29) we will study now. By means of (29) and (36) we infer
On combining these results, we obtain the imaginary part of the transformed potential −ϕ 6 :
If we now insert u in its form (30), we obtain the imaginary part of the transformed potential in explicit form. At first sight it seems that on substitution of u expression (41) would become even more complicated; however, the opposite is true, as we shall see now.
Simplification of the imaginary part
Before we evaluate the terms in (41), we define the following: we say that a function m = m(x, t) is separable if it can be split into two factors as
Hence, a separable function can be written as a product of two factors, each of which contains only one variable. Now, the terms in (41) evaluate as follows:
Here a constant of integration has been set to zero. The same scheme can be applied to deal with the remaining terms in the integrand of (41), however, after insertion of u in its explicit form (30):
The last term in the integrand reads
We have evaluated all terms in the integrand. Note that the integral also carries an integration constant, which we denote by c ′ = c ′ (t). The remaining terms (outside the integral) can be simplified as
On combining the results (42), (43), (44) and (45), we obtain the following form for the imaginary part of the transformed potential (41):
where the function R = R(t) (note that R does not depend on x) is given by
Thus, we have evaluated (41) to the much simpler expressions (46) and (47).
The reality condition
Now, a reality condition for the transformed potential −ϕ 6 , as given in (36), simply reads Im(ϕ 6 ) = 0,
where R is defined in (47). We observe that all terms in the reality condition (48) except for the imaginary part of V depend on t only. Thus, the transformed potential −ϕ 6 can only be real-valued if the imaginary part of the original potential V does not depend on x. If so, the reality condition can be solved for v or c, giving
Hence, both c or v can be used to eliminate imaginary terms in the transformed potential. However, one would prefer to use c, as v occurs also in other parts of the transformed potential.
6 Examples: power-law mass functions and step function
In this section we illustrate how one can practically use the form-preserving transformations that we derived above. In the first example we consider a mass that depends quadratically on the position, whereas in the second example the mass is chosen to resemble an arbitrarily steep step function.
Example 1: power law masses
We start at the TDSE (4) with potential V and the following power-law mass function m:
where m 1 = m 1 (t) depends on t. The TDSE reads
Mass functions like m have already been studied for the stationary case, that is, for timeindependent potentials and constant m 1 [8, 9] . Here we want to find the most general form-preserving space-time transformation that maps the TDSE with mass (51) onto the TDSE with a linear massM
whereM 1 (v) = M 1 (t). The corresponding TDSE has the form
Now the following steps are now in order:
• Step 1: Determination of the new coordinate u = u(x, t) via (30) . This is necessary, because for the subsequent calculation of the transformation function f we need to know the relation between u and x for expressingM in terms of x.
• Step 2: Calculation of the transformation function f via (29) or (34). After this we can already state the relation between the original solution of the TDSE and the solution of the transformed TDSE.
• Step 3: Calculation of the transformed potential −ϕ 6 using (21) . At this point the transformation is complete.
• Step 4: If we want the transformed potential −ϕ 6 to be a real function, the reality condition (48) has to be satisfied. Let us start with the first step.
• Step 1: Insertion of (51) and (53) into (30) gives the relation
This is an integral equation for u, which can be resolved using the approach given in (31)-(33). We get
For the sake of simplicity we set the integration constant to zero. Expression (55) represents the change of coordinate that we will apply to the original TDSE. Now we can express the massM in terms of x and t, recall thatM (u, t) = M(x, t):
We have completed the first step.
• Step 2: We now use one of the representations (29) or (34) to compute the transformation function f by means of inserting the masses (51), (56) and the new coordinate u, as given in (55), into (29) . We obtain after a short calculation
Now we can give the relation between the solution Ψ of the original TDSE (52) and the solution Φ of its transformed counterpart (54). The relation can be computed from (15) and reads
Step 2 is complete.
• Step 3: The transformed potential −ϕ 6 can be obtained from the representation (21) by substitution of (57), or from the representation (36) by substitution of (51), (56) and (55). We get
where
which coindides with (62). This reality condition can be solved for either v or c and the corresponding solutions can be found in (49) and (50). In summary, we have transformed the TDSE (52) into the TDSE (54). The transformed potential can be found in (60) and the relation between the solutions of the original and the transformed TDSE is given in (58).
Example 2: step-like mass
In this example the mass m = m(x) is chosen to have the following form:
This mass function has the form of a step, the inclination of which can be controlled by the value of the constant a. Mass 63 has been subject to earlier investigations, for details see [7, 9, 30] . In this example we want give the transformation for mapping the TDSE with effective mass (63) onto a TDSE with constant mass:
Thus, the effective mass TDSE we consider reads explicitly
The TDSE with constant mass that we want to map the latter onto, has the form
In principle we follow the same steps as in the previous example. Finding the new coordinate u is easier this time, as the target mass does not depend on the position and hence the definition (30) is an explicit one. Thus:
• Step 1: On insertion of the masses (63) and (64) we obtain
where a constant of integration was set to zero. This is already the final form of the new coordinate u, as the target mass does not depend on the position. 
• Step 3: Now we compute the transformed potential (21) by inserting the masses (63), (64) and the transformation function (68). The arbitrary function v we fix as v(t) = t. We obtain −φ 6 = V (x(u, t), t) + 1 4 a 2 1 + 2 cosh √ 2Mau sin
where x(u, t) denotes the inverse of u as given in (67) with respect to x:
x(u, t) = − 1 a arctanh
Step 3 and the transformation are complete.
• Step 4: Finally we evaluate the reality condition (48). We note that both masses m, M are trivially separable and do not depend on the time t. Therefore, the function R as defined in (47) vanishes. Since also v ′′ = 0, the reality condition reduces to
Step 4 is complete. In summary, we have transformed the TDSE (65) into the TDSE (66). The transformed potential can be found in (70) and the relation between the solutions of the original and the transformed TDSE is given in (69).
Concluding remarks
We have derived the most general form-preserving transformation for Hamiltonians of the form (3) . As in the case of non-effective mass, the FPT for TDSEs with effective mass are an important tool for finding exactly-solvable potentials and for classifying them. Furthermore, our FPTs can be used to transform TDSEs with effective mass into wellknown TDSEs with non-effective mass, which allows an easy and systematic generation of solvable potentials for effective mass TDSEs.
